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NOMENCLATURE 

total band absorptance of the ith band; 
correlation parameter for the ith band; 
correlation parameter for the ith band; 
correlation parameter for the ith band; 
Planck’s function; 
Planck’s function evaluated at the center of 
the ith band ; 
exponential integral ; 
thermal conductivity ; 
pressure ; 
equivalent broadening pressure for the ith 
band ; 
conductive heat-transfer rate; 
radiative heat-transfer rate ; 
temperature ; 
dimensionless coordinates for the ith band; 
C:Py.q C:P&l t r/) and 4 CziP&5 - a) res- 
pectively ; 
dummy variable for y ; 
coordinate normal to plates. 

Greek symbols 
6. distance between plates ; 
E. wall emittance ; 
7. dummy variable for {; 

t? dimensionless temperature ratio. T/T, ; 
%. spectral absorption coefficient ; 
KP Planck mean coefficient ; 
Ku. Rosseland mean coefficient ; 
5. dimensionless coordinate. y/6 ; 
P* wall reflectance. 

Subscripts 
1. 
2. 

lower wall ; 
upper wall. 

THE GRAY-GAS approximation has been extensively used to 
study the interaction of gaseous radiation with the other 
modes of heat transfer. However. there have been very few 
investigations. for example [l] and [2]. which have dealt 
with the validity of the gray-gas model. This note is con- 
cerned with the application of a wide-band nongray gas 
model to conduction-radiation interaction in a static 
horizontal gas layer bounded by two walls. Gille and 
Goody [3] have also studied combined conduction and 
radiation in an ammonia gas layer; however. their in- 
vestigation was primarily concerned with the stability of 
horizontal gas layers. The formulation of the radiative 
terms used here in the nongray analysis is similar to the 
analyses presented in [l] and [3]. The primary purpose of 
this note is to present representative results from a nongray 
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analysis and to compare these to the gray-gas model. The are independent of temperature; i.e. the analysis is oniy 
specific problem to be treated is carbon dioxide bounded meaningful for small temperature differences. Also. the 
by !wo plates maintained at a moderate temperature properties will be evaluated at T2 = 300°K and only the 
difference near room temperature. The limiting surface 15 p and 4.3 p bands of CO, will be included. To solve 
conditions of two black walls. and of one black wall with equation (1). it is necessary to formulate an expression fol 
one perfectly reflecting diffuse gray wall will be treated (see q,. This will be accomplished using two models; the gray 
insert in Fig. 1). The two cases differ significantly in that the gas model and the exponential-band model [4], 
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FIG. 1. Comparison of the total heat transfer for CO,. 
6 = 508 cm. 

reflecting wall problem allows no net transport of radiation 

between the walls due to the windows in the spectrum. 

The governing energy equation is given by 

d2Q GaTi’ d q, 

s=-- a [I I k dt UT, 
(1) 

with the boundary conditions 

+o: *+!I 
* T2 

5 = 1.0: Q = 1.0 
(2) 

where 4, is the spectral radiant flux integrated over all wave 

numbers 

4, = hmdw. 
0 

(31 

In this analysis. it will be assumed that the gas properties 

The gray-gas model assumes an average absorption co- 

efficient over the entire spectrum. Although the Planck 

mean absorption coefficient is actually an emission co- 

efficient. it is chosen as the representative average absorp- 

tion coefficient in the gray analysis. Following procedures 

given in [S]. the mean Planck coefficient for the 15 p and 

4.3 p fundamentals of CO2 at 300°K is 

KJP = (0.374) cm ’ atm- ’ 

where P is the pressure. Employing the exponential kernel 

approximation 

E,(t) 2 3 e I’ 

and the expression for 4, given in [Cl. the following sel of 

gray-gas equations are obtained. 

The exponential kernel approximation is used in the gray 

analysis only for the purpose ofconsistency with the nongray 

analysis. 
Turning to the band model. the spectral radiant flux q,w 

is given in [6]. IntegPating this by parts. equation (3). 

coupled with the exponential kernel approximation and the 
assumption that the gradient of Planck’s function de,,,dy is 
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constant over the band width. yields 

4, = El 
cs 

(e,l - e,3dm + (1 - sl) 
cs 

d% 
dx 

j A(r)I i 0 

x exp[-jn.(y+x)]doJ}dx-xj!z 

‘%oi i cl 

{L cxp[-jK&‘--l]dw)dx (7) 
i 

where jdenotes the windows and i the bands of the spectrum. 
Equation (7) can be recast in terms of the total band 
absorptance 

j (1 - exP(--K&‘)]do 
Amr 

which yields 

4, = elk - 4 - (1 - 4 cs 5$ Ai[3(x + ~$21 dx 

i 0 
d 

+ CI %A,[3Ix - 

i 0 
(8) 

Differentiating equation (8) with respect to y and inserting 
this result into equation (1) gives 

where A’(y) indicates the derivative of A(y) with respect to y. 
In order to solve equation (9). it is necessary to have a 

continuous representation of A and A’. Tien and Lowder 
[7]. using the results of Edwards and Menard [4]. arrived 
at such a correlation 

where ui = CziPy. fii = BfP_+ and fi@) = 294 [l - exp 
(- 2.6 /?,)I. The parameters Aof. Bf and C: are correlation 
parameters related to the spectroscopic properties of the ith 
band and Pei is the equivalent broadening pressure. Employ- 
ing the general form of equation (10) for constant properties. 

the energy equation is 

where u: = j C$P6(c + 9) and Ui- = j C:P6(< - v). The 
radiative heat flux is given by 4 
q&T; = e1 f -1 

[c‘) 1 2 

+ j-k (%$) &(u; ,)dq} (12) 
0 

and the conductive flux by equation (6). The CO* band- 
absorptance parameters for the 15 p and 4.3 or. bands are 
given in [8]. Although there is a question as to the accuracy 
of the parameters for the 4.3 p band (the integrated intensity 
A,C: differs by approximately 40 per cent from the recom- 
mended value), the influence of the 43 lo band for the 
temperature level used here (-300°K) should be small. 
Planck’s function emi was evaluated at UI = 2350 cm-’ for 
the 4.3 p band and at 667 cm-’ for the 15 p band. 

Numerical solutions of the governing equations for both 
models were carried out for a range of pressures* and plate 
spacings for the cases Ed = 1.0 and s1 = 0 (pl = 1.0) at 
TJT, = 1.1. Figure 1 presents the total heat transfer as a 
function of gas pressure for a single plate spacing 6 = 
508 cm. This figure clearly shows the inability of the gray- 
gas model to predict the total heat transfer. The pressure 
dependency which is evident in the gray model at pressures 
greater than one atmosphere does not appear in the band 
model. The solutions for both the Ed = 1.0 and p1 = 1.0 
gray cases approach the optically thick solution [6] which 
tends to pure conduction as P increases. In the black wall 
case. the band model shows a very small dependency on P ; 

* As stated, the Planck mean absorption coefficient has 
been chosen as the representative average absorption co- 
efficient for lack of a better choice. Although the Planck 
coefficient is generally associated with optically thin 
radiation, the gray results are carried beyond the optically- 
thin range for purposes of comparison. For the problem 
considered in [l], it has been shown that the Planck co- 
efficient is incorrect even in the thin limit. 
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the major portion of the total heat transfer takes place in 
the windows of the spectrum [6]. In the pt = I.0 case. the 
results become almost pressure independent at P > 1 atm; 
the band absorptance becomes independent of line structure 
as the pressure increases and the path-length range is such 
that R approaches the logarithmic asymptote 

A = In a and A’(u) = ” K A 
u 

The variation of the dimensionless conductive flux at both 
walls for S = 508 cm is illustrated in Fig. 2 where 0’ = dt?/dt. 
It should be pointed out that S’(y = 0)/e; also represents 
the variation of the dimensionless total heat flux for p1 = 
1.0. As before. the gray-gas model shows a much greater 
pressure dependency and overestimates the effect of radia- 
tion interaction. This overestimate. for example. in the 
p1 = 1.0 case is approximately a factor of four. With two 
black wails. the temperature profiles are almost anti- 
symmetric for the temperature ratio considered here. 

For sake of completeness. it is also of interest to in- 
vestigate the application of the Rosseland mean absorption 
coefficient. Since bands will always have non-optically 
thick regions in the wings, the definition of this coefficient is 
open to question [I]. Since there is no net radiation transfer 
in the windows of the spectrum for the p1 = 1.0 case. a very 
simple relationship can be obtained for the total heat 
transfer with the assumption of constant properties. Using 
4, = - (4a/3n,) dT“/dy which represents the radiant flux 
in the band region. the expression for the total flux reduces 
to the expression which is normally used for the gray 
optically thick limit in radiation-conduction interaction 
[6]. Approximate values of the Rosseland coefftcient were 
evaluated according to procedures outlined in [S]. Since the 
pressure dependency of the total heat flux was of prime 
interest and not the magnitude. the values of tia used here 
do not include the 4.3 p band. 

Figure 3 presents the ratio of the total heat flux to that for 
no interaction. Shown in Fig. 3 are the p, = 1.0 results 
using the Rosseland coefficient. Presented in this form the 
Rosseland calculations are independent of plate spacing [6] 
which is not the behavior shown by the band model. The 
band model has a strong plate spacing dependency for the 
p, = 1.0 problem whereas for black plates. the dependency 
on plate spacing is very small. The lack of spacing de- 
pendency in the s1 = 1.0 case would be expected since the 
major portion of the total flux is the radiant transfer in the 
window regions of the spectrum. As in the gray model, the 
pressure dependency of the Rosseland solution is not correct. 
Results obtained for the band model in the pressure range 
4 < P Q 10 atm show virtually no pressure dependency for 
these plate spacings. 

The 2.7 p, 10.4 p and 9.4 p bands have been neglected in 
this analysis. At this temperature level T2 = 300°K. the in- 
clusion of these bands should not significantly alter the 
results. Before extending this analysis to higher tempera- 

FIG. 2. Comparison of the conduction heat transfer for CO,. 
6 = 508cm. 
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FIG. 3. Nongray total heat transfer for CO,. 

tures the correlation parameters for the 43 I( band of CO* 
should be recalculated. As a final comment. the numerical 
results clearly show the inadequacy of the gray-gas model 
for predicting beat-transfer rates. 
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NOMENCLATURE 

intensity of radiation; 
polar angle ; 
cosine of the polar angle 6 measured from the 
surface normal ; 
optical distance ; 
optical thickness ; 
refractive index of the dielectric ; 
diffuse reflectance of the substrate ; 
azimuthal angle ; 
incident flux; 
reflected attenuated flux; 
directional reflectance due to the substrate; 
directional hemispherical reflectance. 

Subscripts and superscripts 
C. critical angle ; 
1. incident angle ; 

primes : outside the dielectric. 

INTRODUCTION 

MANY radiative heat-transfer problems are concerned with 

surfaces composed of dielectric coatings on opaque metal 
substrates. In working with this type of surface it is desirable 
to predict the reflectance of the composite structure. The 
intent of this paper is to present an analytical approach for 
prediction of the reflectance of this type of coating-substrate 
combination. 

The model employed in this analysis assumes a mono- 
directional flux incident on a smooth dielectric coating. 
which is in turn secured to a diffusely reflecting opaque 
substrate. The substrate is assumed to be diffuse. since a 
roughened or sandblasted surface would normally be used 
in order to insure good bonding by the coating. 

TRANSPORT EQUATION 

The model employed is shown in Fig. 1. The coating and 
substrate are assumed to be infinite in extent with a geo- 
metrical coating thickness much greater than one wave- 
length. The air-coating and coatingsubstrate interfaces are 
parallel. These restrictions allow the use of axial symmetry. 
In addition, since the problem under consideration is 
concerned only with reflection. the transport equation can 
be reduced to Beer’s law. which for the axially symmetric 


